In this article, we consider the solutions of the system of generalized variational inequality problems in Banach spaces. By employing the generalized projection operator, the well-known Fan's KKM theorem and Kakutani-Fan-Glicksberg fixed point theorem, we establish some new existence theorems of solutions for two classes of generalized set-valued variational inequalities in reflexive Banach spaces under some suitable conditions.
Nash equilibrium, the general equilibrium programming problem, etc. For further detail see [2, 6, 12, 13, 18, 33] and the references therein. In [6, 18] , some solution methods are proposed. However, the existence of a solution of system of variational inequalities is studied in [2, 6, 12, 13, 33] .
On the other hand, Verma [23] [24] [25] [26] introduced and studied a two step model for some systems of variational inequalities which were difference from the sense of Pang [18] and developed some iterative algorithms for approximating the solutions of these systems in Hilbert spaces base on the convergence analysis of a two step projection method. In 2011, Yao et al. [30] extended the main results of Verma [26] from the Hilbert spaces to the Banach spaces.
In 1994, Alber [34] introduced the generalized projection π K : E* K and Π K : E K from Hilbert spaces to uniformly convex and uniformly smooth Banach spaces and studied their in detail. In [35] , Alber presented some applications of the generalized projections to approximately solve variational inequalities (1.1) and von Neumann intersection problem in Banach spaces. Let A : K E* be a mapping and let us find x* K such that
where ξ E*. Recently, Li [16] extended the generalized projection operator π K : E* K from uniformly convex and uniformly smooth Banach spaces to reflexive Banach spaces and studied some properties of generalized projection operator with applications to solve the variational inequality (1.1) in Banach spaces. Very recently, the generalized variational inequality problem (GVIP(A,K)) has been studied by many authors (for example, see [19, 28, 36, 37] ). It is the problem to find x* K such that there exists u* Ax* satisfying
where A : K 2 E* is a multivalued mapping with nonempty values and 2 E* denotes the family of all subset of E*. In 2009, Wong et al. [27] studied the generalized variational inequality problems defined by a multivalued mapping T, a nonempty closed convex subset K of a Banach space E and b E* is to findx ∈ K such that there existsū ∈ T(x) satisfying ū − b, y −x ≤ 0, for all y ∈ K, in reflexive and smooth Banach spaces by using generalized projection operator, Fan's KKM theorem and minimax theorem.
In this article, we consider the problem for finding the solution of the system of generalized variational inequality problem (1.3) in the sense of Verma [23] . Let K be a nonempty, closed and convex subset of E and A, B : K 2 E* be two multivalued mappings with nonempty values, where 2 E* denotes the family of all subset of E*. The system of generalized variational inequality problem (SGVIP(A,B,K)) is to find (x*,y*) K × K such that there exist u* Ay*, v* Bx* satisfying
If A and B are single-valued, then the system of generalized variational inequality problem is reduced to find (x*,y*) K × K such that The purpose of this article is to establish some existence results of solutions for the system variational inequalities (1.3) in reflexive Banach spaces by employing the properties of the generalized projection operator, the well-known Fan's KKM theorem and Kakutani-Fan-Glicksberg theorem.
Preliminaries
Let E be a real Banach space and let S = {x E : ∥x∥ = 1} be the unit sphere of E. A Banach space E is said to be strictly convex if for any x, y S,
It is also said to be uniformly convex if for each ε (0, 2], there exists δ > 0 such that for any x, y S,
It is known that a uniformly convex Banach space is reflexive and strictly convex; and we define a function δ : [0, 2] [0,1] called the modulus of convexity of E as follows:
Then E is uniformly convex if and only if δ(ε) > 0 for all ε (0, 2]. A Banach space E is said to be locally uniformly convex if for each ε > 0 and x S, there exists δ(ε, x) > 0 for y S,
From the above definition, it is easy to see that the following implications are valid: E is uniformly convex ⇒ E is locally uniformly convex ⇒ E is strictly convex A Banach space E is said to be smooth if the limit
exists for all x, y S. It is also said to be uniformly smooth if the limit (2.5) is attained uniformly for x, y S. We recall that E is uniformly convex if and only if E* is uniformly smooth. It is well known that E is smooth if and only if E* is strictly convex. The mapping J : E E* defined by
is called the duality mapping of E. It is known that
denotes the subdifferential of j at x. The following properties of duality mapping J which are useful for the rest of this work. Proposition 2.1.
[38]Let E be a reflexive Banach space and E* be strictly convex.
(i) The duality mapping J : E E* is single-valued, surjective and bounded. (ii) If E and E* are locally uniformly convex, then J is a homeomorphism, that is, J and J -1 are continuous single-valued mappings.
Next, we consider the functional V : E* × E ℝ defined as
It is clear that V(, x) is continuous and the map x ↦ V(, x) and ↦ V(, x) are convex and (∥∥ -∥x∥)
We remark that the main Lyapunov functional V was first introduced by Alber [35] and its properties were studied there. By using this functional, Alber defined a generalized projection operator on uniformly convex and uniformly smooth Banach spaces which was further extended by Li [16] on reflexive Banach spaces. Definition 2.2.
[16] Let E be reflexive Banach space with its dual E* and K be a nonempty, closed and convex subset of E. The operator π K : E* K defined by
is said to be a generalized projection operator. For each E*, the set π K () is called the generalized projection of on K.
We mention the following useful properties of the operator π k (). Lemma 2.3.
[16]Let E be a reflexive Banach space with its dual E* and K be a nonempty closed convex subset of E, then the following properties hold:
(i) The operator π K : E* 2 K is single-valued if and only if E is strictly convex.
(ii) If E is smooth, then for any given E*, x π K if and only if 〈 -J(x), x -y〉 ≥ 0, ∀y K.
(iii) If E is strictly convex, then the generalized projection operator π K : E* K is continuous.
Lemma 2.4. [5] In every reflexive Banach space, an equivalent norm can be introduced so that E and E* are locally uniformly convex and thus also strictly convex with respect to the new norm on E and E*.
From Lemma 2.4, we can assume for the rest of this work that the norm ∥·∥ of the reflexive Banach space E is such that E and E* are locally uniformly convex. In this case, we note that the generalized metric projection operator π K and the duality mapping J are single-valued and continuous. is nonempty, convex and closed, then there exists an x* K such that x* S(x*). Lemma 2.9.
[39]Let X and Y be two Hausdorff topological vector spaces and T : X 2 Y be a set-valued mapping. Then the following properties hold:
is closed and T(X)is compact, then T is upper semicontinuous, where T(X) = ∪ x X T(x) and T(X)denotes the closure of the set T(X). (ii) If T is upper semicontinuous and for any x X, T(x) is closed, then T is closed. (iii) T is lower semicontinuous at x X if and only if for any y T(x)
and any net {x a }, x a x, there exists a net {y a } such that y a T(x a ) and y a y.
Main result
Proposition 3.1. Let E be a reflexive and smooth Banach space and let K be a closed convex subset of E. Assume that a, b > 0 and A : K 2 E* , B : K 2 E* are two multivalued mappings with nonempty values. Then (x*, y*) is a solution of (1.3) if and only if there exist u* Ay*, v* Bx* such that
Proof. It follows from the definition of SGVIP(A,B,K) and Lemma 2.3, that (x*, y*) is a solution of (1.3) ⇔ ∃u* Ay*, v* Bx* such that
Theorem 3.2. Let E be a reflexive and smooth Banach space such that E and E* are locally uniformly convex. Let K be a compact convex subset of E. Let A : K 2 E* and B
: K 2 E* be two upper semicontinuous multivalued mappings with nonempty values such that A(x) and B(x) are weak* compact and convex for each x K. Then the problem (1.3) has a solution and the set of solutions (1.3) is closed. Proof.
Step 1. Let a, b > 0 and fixed x K, for each z K, the sets G x (z) and
(a1) For each z K, we have z G x (z) and z H x (z). Hence G x (z) and H x (z) are nonempty subsets of K.
(a2) For any finite set {z 1 , z 2 ,..., z n } ⊂ K we claim that co{z 1 , z 2 , ..., z n } ⊂ 
This implies that
So there exists j > 0 such that
Hence,
Therefore z ∈ G x z j ⊂ n j=1 G x z j . Similarly, we obtain that there exists k > 0 such
Hence we have the claim. This implies that G x (·) and H x (·) are KKM-mappings.
Step 2. Show that G x (z) and H x (z) are closed for all z K.
Let {x n } be a sequence in G x (z) such that x n x 0 in a norm topology. Then there exists u n Ax such that
Since A(x) is compact, there exists a subsequence u n j of {u n } such that
. Thus without loss of generality, we may assume that u n u 0 and observe that
(3:5)
This implies that x 0 G x (z) and so G x (z) is closed for all z K. Similarly, we obtain that H x (z) is closed for all z K. Then ∩ z K G y (z) and ∩ z K H x (z) are also closed.
Step 3. Show that
Since G x (z) and H x (z) are closed subsets of K and K is compact, G x (z) and H x (z) are compact subsets of K. It follows from Steps 1, 2, and Lemma 2.7 that
Step 4. Show that the problem (1.3) has a solution.
For any x, y K, we may choosex ∈ z∈K G y (z) andȳ ∈ z∈K H x (z) by Step 3. We define the set-valued mapping S :
By Definition of S(x, y) and Step 3, we obtain that S(x, y) is a nonempty closed convex subset of K × K for all (x, y) K × K. Since z∈K G y (z), z∈K H x (z) ⊂ K and K is compact, z∈K G y (z) and z∈K H y (z) are compact. We only show that S is a closed mapping. Indeed, let {(x n , y n )} be a net in K × K such that (x n , y n ) (x 0 , y 0 ) in the norm topology and let (u n , v n ) S(x n , y n ) such that (u n , v n ) (u 0 , v 0 ). By definition of a mapping S, we have (u n , v n ) ∈ {x n } , ȳ n wherex n ∈ z∈K G y n (z) and y n ∈ z∈K H x n (z). That is for each z ∈ K, u n =x n ∈ G y n (z) and v n =ȳ n ∈ H x n (z). It follows from (3.2) that there exist a n Ay n and b n Bx n such that Thus (x 0 , y 0 ) T and so T is closed. This completes the proof. If A and B are two single-valued mappings, then from Theorem 3.2, we derive the following result.
Corollary 3.3. Let E be a reflexive and smooth Banach space such that E and E* are locally uniformly convex. Let K be a compact convex subset of E. Let A : K E* and B: K E* be two continuous single-valued mappings. Then the problem (1.4) has a solution and the set of solutions (1.4) is closed.
